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dim $V_{1}=1$ , dim $V_{0}=0$
$V_{2}$ 1-
VOA
Definition1C. $J$ $J$ :
$ab=ba$
$a^{2}(ab)=a(a^{2}b)$ for $a,$ $b\in J$.
$A$ $a*b:= \frac{1}{2}(ab+ba)$ $(A, *)$
$\mathbb{C}$ A $E$
[1]
A : $\mathbb{C}$ $n\cross n$ Mn(C) $A*B:= \frac{1}{2}(AB+BA)$ $(M_{n}(\mathbb{C}), *)$
$B$ : $\mathbb{C}$ $nxn$ $Sym(n, \mathbb{C})$ $A*B:= \frac{1}{2}(AB+BA)$
$(Sym(n, \mathbb{C}),$ $*$ )
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$C$ : $Q\in M_{2m}(\mathbb{C})$
$Q$ $:=(\begin{array}{ll}0 I_{m}-I_{m} 0\end{array})$
$X\in M_{2m}(\mathbb{C})$ $X^{j}$ $:=Q^{-1}X^{t}Q$ ( $X^{t}$ $X$ )
$\{X\in M_{2m}(\mathbb{C})|X^{j}=X\}$ $A*B:= \frac{1}{2}(AB+BA)$




$s_{i}\cdot s_{j}=0$ if $1\leq i,j$ with $i\neq j$ .
$E$ : 3 $x3$ $A*B:= \frac{1}{2}(AB+BA)$
CHLam A $C$








Subalgebra Conjecture. $V$ dim $V_{0}=1$ , dim $V_{1}=0$ VOA $R$
$V_{2}$
$(V(R))_{2}=R$
($V(R)$ $R$ $V$ $VOA$)
( ) $A$ $A$
VOA :




Theorem 2 (M. Roitman [8]) ( )
$A$ $A$ VOA 1
Subalgebra Conjecture Theorem 2
$A=J_{h+1}(h\geq 4)$ Subalgebra Conjecture
2 $M(1)^{+}$
$H:=\oplus_{i\in I}\mathbb{C}u$: - (I ) $\circ$ H
$\hat{H}$
$:=H\otimes_{C}\mathbb{C}[t,t^{-1}]\oplus \mathbb{C}l$
$\hat{H}$ $u_{t}\otimes t^{m}:=u_{t}(m),$ $u_{j}\otimes t^{n}:=u_{j}(n)(i,j\in I, m,n\in \mathbb{Z})$
$[u(m),u_{j}(n)]$ $:=m\delta_{i,j}\delta_{m+n,0}l$
$[\hat{H}, l]$ $:=\{0\}$








$\{u_{i_{1}}(-m_{1})\cdots u_{i_{k}}(-m_{k})1|i_{1}, \ldots, i_{k}\in I, m_{1}, \ldots,m_{k}>0, k\in N\}$




($a(z):= \sum_{m\in Z}a(m)z^{-m-1},$ $a\in H$ )
$Y(1, z);=id$
$Y(a(-1)1,z)$ $:=a(z)$
$Y(a(n)v, z):={\rm Res}_{w}\{(z-w)^{n}a(w)Y(v, z)-(-w+z)^{n}Y(v, z)a(w)\}$
$M(1)1$ VOA
$\omega:=\frac{1}{2}\sum_{i\in I}u_{i}(-1)u_{i}(-1)1$
$H$ $H$ $\tau$ :














$J_{h+1}$ $2^{k}$- $(k\in N)$ $M(1)^{+}$
$F:=\{0,1\}$ $F_{2}^{k}$ $F$ $k$ $\{e_{i}\}_{1\leq\iota\leq k}$ $F_{2}^{k}$
$e_{0}$
$F_{2}^{k}$ $\alpha=(\alpha_{i})_{1<i<k},$ $\beta=(\beta_{j})_{1\leq j\leq k}\in F_{2}^{k}$
$\langle\cdot, \cdot\rangle$
$\langle\alpha, \beta\rangle=\sum_{1\leq i\leq k}\alpha_{i}\beta_{i}$ $F_{2}^{k}$
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( ) -: $F_{2}^{k}arrow F_{2}^{k}$
:
$\overline{e}_{i}$
$:= \sum_{1\leq l\leq i-1}e_{l}$
if $2\leq i\leq k$ ,
$e_{1}^{-}:=e_{0}$ .
Lemma 3 $wt(\alpha)$ $\alpha$ 1 $\langle\overline{\alpha}, \alpha\rangle=0$ (resp. $\langle\overline{\alpha},$ $\alpha\rangle=1$ )
$wt(\alpha)\equiv 0,1$ mod 4 (resp. $wt(\alpha)\equiv 2,3$ mod 4) . 1
$I$ $F_{2}^{k}$ $($ $H=\oplus_{\alpha\in F_{2}^{k}}u_{\alpha})_{\text{ }}$
$I=F_{2}^{k}$ VOA $M(1)^{+}$ $M(1)^{+}$
$(M(1)^{+})_{2}$ $Sym(2^{k}, \mathbb{C})$




Lemma 4 $\alpha\in \mathbb{F}_{2}^{k},$ $m,$ $n\in \mathbb{Z}$
$S_{\alpha}(m,n)=m\delta_{\alpha,c_{0}}\delta_{m+n,0}2^{k}+(-1)^{(\delta,\alpha\rangle}S_{\alpha}(n,m)$
Lemma 3 Lemma 4
Corollary 5 $wt(\alpha)\equiv 2,3$ mod 4 $m\in \mathbb{Z}$
$S_{\alpha}(m,m)=0$
$Y(S_{\alpha}(-1, -1)1,$ $z$ ) $:= \sum_{m\in Z}(S_{\alpha}(-1, -1)1)_{m}z^{-m-1}$ .





$\delta_{a\leq b}=\{\begin{array}{ll}1 if a\leq b0 otheru ise.\end{array}$




$\mathcal{J}_{C}=span_{C}$ { $S_{\alpha}(-1,$ $-1)1|\alpha\in C\cup\{e_{0}\},wt(\alpha)\equiv 0,1$ mod 4}
Remark 7 { $S_{\alpha}(-1,$ $-1)1|\alpha\in F_{2}^{k},$ $wt(\alpha)\equiv 0,1$ mod 4} $\blacksquare$
Proposition 8 $k,$ $h\in N$ $C\subseteq F_{2}^{k}\backslash \{e_{0}\}$ $\mathcal{J}_{C}\cong J_{h+1}$ :
(a) $|C|=h$
(b) $\alpha\in C$
$wt(\alpha)\equiv 0$ or 1 mod 4
$\alpha,\beta\in C(\alpha\neq\beta)$
$wt(\alpha+\beta)\equiv 2$ or 3 mod 4
$h\in N$ Proposition 8 (a), (b)
$h=k$ $C=\{e_{i}\}_{1\leq i\leq h}$ Lemma 6
$( \frac{1}{4}S_{e_{1}}(-1, -1)1)_{1}(\frac{1}{4}S_{e_{1}}(-1, -1)1)=\frac{1}{4}S_{e_{0}}(-1, -1)1$ ,
$( \frac{1}{4}S_{\epsilon 0}(-1, -1)1)_{1}(\frac{1}{4}S_{\epsilon:}(-1, -1)1)=\frac{1}{4}S_{C|}(-1, -1)1$
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}\llcorner \acute Corollary 5
$( \frac{1}{4}S_{e_{1}}(-1, -1)1)_{1}(\frac{1}{4}S_{e_{j}}(-1, -1)1)=\frac{1}{4}S_{e_{i}+e_{j}}(-1, -1)1=0$ $(i\neq j)$
$J_{h+1}\cong \mathcal{J}_{C}$
$\frac{1}{4}S_{e_{I}}(-1, -1)1rightarrow s_{i}$ $(0\leq t\leq h)$
$C$ (a), (b) VOA
$\mathcal{J}c$ $M(1)^{+}$ VOA $V(\mathcal{J}c)$ ( $\mathcal{J}c$ VOA)
$(V(\mathcal{J}_{C}))_{2}=\mathcal{J}_{C}$
$C$
Theorem 9 $k,$ $h\in N$ ‘ $C\subseteq F_{2}^{k}\backslash \{e_{0}\}$ Proposition 8 (a), (b)
$C$ $(V(J_{C}))_{2}=\mathcal{J}_{C}$ :
(c) $c_{1},$ $c_{2},$ $\ldots$ , $c_{k}\in C$
$\sum_{i=1}^{k}$ $\in C\cup\{e_{0}\}$





$h=1,2,3$ $C=\{e_{i}\}_{1\leq i\leq h^{\text{ }}}h=5$
$C=\{e_{1}, e_{2}, e_{3}, e_{4}, e_{1}+e_{2}+e_{3}+e_{4}\}$
(a), (b), (c) (c) $(V(J_{C}))_{2}=J_{C}$
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4 Subalgebra Conjecture
$h\geq 4$ $C=\{e_{i}\}_{1<i<h}$ $C$ (a), (b) (c)
(c) $C$ $(V(\mathcal{J}_{C}))_{2}=\mathcal{J}_{C}$
proposition $\mathcal{J}_{C}\subsetneq(V(\mathcal{J}_{C}))_{2}$
Proposition 10 $k_{1},$ $k_{2},$ $k_{3},$ $k_{4}\in \mathbb{Z}$ $k_{1}+k_{2}+k_{3}+k_{4}=2$
$[(S_{e_{4}} (- 1, -1)1)_{k_{4}}, [(S_{\epsilon_{S}} (-1, -1)1)_{k_{3}}, [(S_{e_{2}}(-1, -1)1)_{k_{2}}, (S_{e_{1}}(-1, -1)1)_{k_{1}}]]]1$
$=96((\begin{array}{l}k_{4}3\end{array})+k_{3}(\begin{array}{l}k_{4}2\end{array}))S_{\epsilon_{1}+e_{2}+\epsilon s+c_{4}}(-1, -1)1$ .
$S_{e_{1}+\epsilon_{2}+es+e_{4}}(-1, -1)1\in(V(\mathcal{J}c)_{2}$ Remark 7
$S_{\epsilon_{1}+e_{2}+es+e_{4}}(-1, -1)1\not\in$ $\dim(V(\mathcal{J}c))_{2}>\dim \mathcal{J}c$ $\mathcal{J}c\subsetneq$
$(V(\mathcal{J}c))_{2}$ Subalgebra Conjecture
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